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Homology supported in Lagrangian
submanifolds in mirror quintic threefolds
Daniel Lo´pez Garcia
Abstract
In this note we study homological cycles in the mirror quintic Calabi-Yau three-
fold which can be realized by special Lagrangian submanifolds. We have used
Picard-Lefschetz theory to establish the monodromy action and to study the or-
bit of Lagrangian vanishing cycles. For many prime numbers p we can compute the
orbit modulo p. We conjecture that the orbit in homology with coefficients in Z can
be determined by these orbits with coefficients in Zp.
1 Introduction
Given a symplectic manifold (X,ω) of dimension 2n there are homological classes in
Hn(X,Q) which may be represented by Lagrangian cycles. In [17] the authors define
Lagrangian cycles as cycles in a symplectic 4-manifold, whose two-simplices are given by
C1 Lagrangian maps, and they show a characterization of these cycles in terms of the
minimizers of an area functional. Moreover, they show for a compact Ka¨lher 4-manifold
(X,ω,J) and a homological class α ∈H2(X,Z), that α is a Lagrangian homological class
if and only if [ω](α) = 0. If the Chern class c1(X) also annihilates α, then α can be
represented by an immersed Lagrangian surface (not necessarily embedded).
The question about which part of the homology is supported in Lagrangian submani-
folds, can be refined a little more if we look for Lagrangian spheres. In [11] for a (X,ω,J)
Ka¨lher 4-manifold with Kodaira dimension −∞, i.e. for rational or ruled surfaces it is
shown that the class α ∈ H2(X,Z) is represented by a Lagrangian sphere if and only
if [ω](α) = 0, c1(X)(α) = 0, α2 = −2 and α is represented by a smooth sphere. For
4-manifolds, the dimension of the 2-cycles allows us to relate the property of being sup-
ported in Lagrangian cycles with the vanishing of the periods ∫α ω and ∫α c1(X). For
higher dimension manifolds this pairing is not well-defined, hence we do not have a nat-
ural generalization of the previous results. Despite of this, it is possible to show that in
any regular hypersurface of Pn with n even, all (n − 1)-cycles can be written as a linear
combination of cycles supported in Lagrangian spheres, see Proposition 2.4.
A more interesting question for n = 4, is to ask not only which homological classes are
generated by Lagrangian spheres but which ones are supported in Lagrangian spheres.
In this article we consider a family X˜ϕ of mirror quintic Calabi-Yau threefolds and study
some classes in H3(X˜ϕ,Z) which are supported in Lagragian 3-spheres and Lagragian
3-tori. This family is constructed as follows. Consider the Dwork family Xϕ in P4 given
by the locus of the polynomial
pϕ ∶= ϕz50 + z51 + z52 + z53 + z54 − 5z0z1z2z3z4 = 0,
1
2with critical values in ϕ = 0,1,∞. For every ϕ ≠ 0,1,∞, X˜ϕ is obtained as a desingular-
ization of the quotient of Xϕ by the action of a finite group, see §3 and [5, 6, 8]. The
rank of the free group H3(X˜ϕ,Z) is 4, and we choose a basis of Z4 such that the cycle
δ2 = (0 0 0 1)T corresponds with a torus associated to the singularity of Xϕ when ϕ → 0
and δ4 = (0 1 0 0)T corresponds to a sphere S3 associated to the singularity of Xϕ when
ϕ→ 1. As in [5] we give an explicit description of these two cycles in §4, and furthermore
we show that these cycles are Lagrangian submanifolds of X˜ϕ.
The monodromy action of the family is given by symplectomorphisms at each regular
fiber. It is possible to determine two matrices M0 and M1 such that the monodromy
action over H3(X˜ϕ,Z) corresponds (with respect to the basis mentioned above) to the
free subgroup of Sp(4,Z) generated by (M0)5 and M1, see §3. Therefore, the orbit of
δ2 and δ4 by the action of (M0)5 ∗M1 are cycles of the homology which are supported
in Lagrangian submanifolds. Our main result is about H3(X˜ϕ,Zp), where Zp = Z/pZ for
some primes p, and it is summarized in the following theorem.
Theorem 1.1. For the mirror quintic Calabi-Yau threefold X˜ ∶= X˜ϕ with ϕ ≠ 0,1,∞, the
cycles
{(0 0 0 1), (0 1 0 1), (0 1 1 0), (1 1 0 0), (1 1 1 0)} ⊂ H3(X˜,Z2) (1.1)
{(0 0 0 1), (0 1 0 1), (0 2 0 1), (0 3 0 1), (0 4 0 1)} ⊂ H3(X˜,Z5) (1.2)
are supported in a Lagrangian 3-torus. The cycles
{(0 0 1 0), (0 0 1 1), (0 1 0 0), (0 1 1 1), (1 0 0 0),
(1 0 0 1), (1 0 1 0), (1 0 1 1), (1 1 0 1), (1 1 1 1)} ⊂H3(X˜,Z2) (1.3)
(0 1 0 0) ∈ H3(X˜,Z5) (1.4)
are supported in a Lagrangian 3-sphere. For p = 3,7,11,13,17,19, any cycle of H3(X˜,Zp)
different from (0 0 0 0) can be supported in a Lagrangian 3-torus and in a Lagrangian
3-sphere.
In general for a manifoldM , a cycle δ ∈Hk(M,Z) is called primitive if there is no m ∈ Z
and δ′ ∈ Hk(M,Z) such that δ =mδ′. We believe that for any prime different to 2 and 5,
all cycles in H3(X˜,Zp) different to (0 0 0 0) are supported in a Lagrangian 3-torus and
in a Lagrangian 3-sphere. This is a consequence of the following conjecture.
Conjecture 1.2. Let δ be a primitive cycle in ∈ H3(X˜,Z). If mod2(δ) is a cycle in the
list (1.1) and mod5(δ) is a cycle in the list (1.2), then δ is supported in a Lagrangian
3-torus. If mod2(δ) is a cycle in the list (1.3) and mod5(δ) is the cycle (1.4), then δ is
supported in a Lagrangian 3-sphere.
We have analogous results for other 14 examples of Calabi-Yau threefolds which ap-
pear in Table 1. However, in these cases we do not know if the vectors δ2 and δ4 have
Lagrangian submanifolds associated as in the Dwork family case.
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32 Basics on Picard-Lefschetz theory
We recall some facts about Lefschetz fibration in symplectic geometry. These results are
in the literature, see for example [18, 19, 1, 2]. We collect them here to set notations and
for quick reference throughout the article.
Let Y be a complex manifold. A Lefschetz fibration is a surjective analytic map f ∶
Y → P1 with a finite number of critical points, such that for any critical point p, there is
a chart with Morse coordinates. This means that there is a coordinate system around p
such that f(z) = f(p) + z2
1
+⋯+ z2n for z in a neighborhood of p.
Every projective manifold Y ↪ PN has a natural symplectic form ω given by the pull-
back of the Fubini study form in PN . Since the fibers of f over regular values are complex
submanifolds of Y , the restriction of ω to each regular fiber remains symplectic. Further-
more, the regular fibers of the Lefschetz fibration f ∶ Y → P1 are symplectomorphic. This
follows from the following symplectic version of the Ehresmann lemma.
Proposition 2.1. Let (E,ω) be a symplectic manifold and B be a connected manifold.
Consider f ∶ E → B a proper surjective map with a finite set of critical values C, such that
ω is symplectic at every regular fiber of f . Then the regular fibers are symplectomorphic.
Proof. Using ω we can decompose the tangent bundle TE, over the set of regular values,
as a direct sum of a vertical bundle V E and a horizontal bundle HE ∶= (V E)ω. Where
the vertical space VeE is the space of vectors tangent to the fibers of f and the horizontal
space HeE is its symplectic complement. This is well-defined since the restriction of ω to
the fibers is symplectic.
Let b ∈ B be a regular value and U ⊂ B ∖C be a neighborhood of b. We take a vector
field W defined on U , without singularities. Since f is a submersion on U , the map f∗ is
an isomorphism between HeE and Tf(e)B for all f(e) ∈ U , thus we can take the vector
field V ∶= f∗W on EU . Because the fibers are compact, the flow θ of V is defined in a
neighborhood of Eb for all t in some interval I. Therefore ϕt ∶= θ(−, t) is a diffeomorphism
between Eb and some other fiber in a neighborhood.
In order to show that ϕt preserves the symplectic form at the fibers is enough to show
that d
dτ
∣
τ=t
ϕ∗τωb = 0 for t ∈ I, where ωb is the form ω restricted to the fiber Eb. This follows
noting that
d
dτ
∣
τ=t
ϕ∗τωb = ϕ∗t (LV ωb) = ϕ∗t (dıV ωb + ıV dωb) = ϕ∗t (dıV ωb),
and that ıV ωb = 0 since V is in HE.
Let γ ∶ [0,1] → B ∖C be a simple path. We denote by Pγ ∶ Eγ(0) → Eγ(1) the symplec-
tomorphism given by the lifting of γ as in the previous proposition.
Corollary 2.2. Let Y be a projective manifold and f ∶ Y → P1 be a Lefschetz fibration with
critical values C. For a simple path γ ∶ [0,1]→ P1∖C, the map Pγ is a symplectomorphism.
From now on, we will denote by X ∶= Yb ↪ Y a regular fiber of f . Since these fibers
are symplectomorphic we simply denote any symplectic fiber by (X,ωX). Thus, we have
a map π1(P1 ∖ C) → Symp(X,ωX) which descends to homology, inducing the so called
monodromy action π1(P1 ∖C)↷H∗(X,Z) given by (γ, δ) → (Pγ)∗δ.
4Let γ ∶ [0,1] → P1 be a simple path such that γ(1) ∈ C and γ(t) ∈ P1 ∖C for t ∈ [0,1).
Let p be a critical point in f−1(γ(1)). The set of points
Vγ = {z ∈ f−1(Im(γ)) ∣ lim
t→1
Pγ(t)(z) = p}
is called Lefschetz thimble and the intersection of Vγ with the fiber f−1(γ(0)) is called
vanishing cycle δγ .
Proposition 2.3. The Lefschetz thimble Vγ is a Lagrangian submanifold of (Y,ω) and
the vanishing cycle δγ is a Lagrangian sphere of (X,ωX).
Proof. In a compact neighborhood U of p we can suppose that f(z) = f(p) + z2
1
+⋯ + z2n
and that γ is a real curve in C with γ(1) = 0, and γ(0) > 0. Let H ∶ U → R be the map
given by H(z) = Re(f(z)). The Hamiltonian vector field XH is horizontal because H is
constant in the fibers of f and ω(XH , V ) = dH(V ) = 0 for any vertical vector field V .
Since JV is also vertical then ∇H is horizontal. On the other hand −∇H projects to ∂
∂x
and so Vγ is the unstable set of p .
By a direct computation H is a Morse function with index n. Using the unstable
manifold theorem [3, Thm. 4.2] we conclude that Vγ is a n-ball inside Y . To see that
Vγ is isotropic, consider u, v ∈ TzVγ for any z ∈ Vγ. Since the horizontal component of
Vγ is one dimensional, we have ωz(u, v) = ωX(z)(uv, vv), where uv and vv are the vertical
components of u and v. As the fibers over γ(t) with t ∈ [0,1) are symplectomorphic via
ϕt, we have that
ωX(z)(uv, vv) = ωX(z(t))(uv(t), vv(t))
where z(t) = ϕt(z), uv(t) = (ϕt(z))∗uv and vv(t) = (ϕt(z))∗vv. In the limit the tangent
space is a point, then by continuity we can conclude the result.
Let f ∈ C[z1, . . . , zn] be a tame polynomial with some regular value b ∈ C. The (n − 1)-
homology group of the fiber over b is generated by the vanishing cycles, see [10], [14, §7.3].
As a consequence we can prove the next proposition.
Proposition 2.4. Let F ∈ C[z0, . . . , zn] be a homogeneous polynomial with n even. Sup-
pose that F defines a smooth variety X in Pn. Then, any homological class δ ∈Hn−1(X,Z)
can be written as a finite sum δ = ∑j ajδj, where aj ∈ Z and δj is supported in a Lagrangian(n − 1)-sphere.
Proof. Consider a hyperplane that intersects transversally X , and let Z be its intersection.
We can suppose that the hyperplane section is Z = X ∩ {z0 = 0}. Let f ∈ C[z1, . . . , zn] be
the polynomial F (1, z1, . . . , zn) and we define the affine variety U ∶=X∖Z = {(z1, . . . , zn) ∈
Cn ∣ f(z1, . . . , zn) = 0}. The pair (X,U) induces the exact sequence in homology
⋯→ Hn(X,U) →Hn−1(U)→Hn−1(X)→Hn−1(X,U) →⋯,
where the map Hk(U)→ Hk(X) comes from the inclusion U ⊂ X . By Leray-Thom-Gysin
isomorphism we have Hk(X,U) ≃Hk−2(Z). By Lefschetz hyperplane section theorem we
know that Hk(Z) ≃ Hk(Pn−2) if k ≠ n − 2, see [14, §5.4]. Since n is even we have that
Hn−3(Z) = 0, then the map
Hn−1(U)→ Hn−1(X)→Hn−3(Z) = 0
is surjective. The vanishing cycles associated to the fibration f ∶ Cn → C generate the
homology group Hn−1(U), and they are supported in Lagrangian spheres of U .
53 Monodromy action on mirror quintic threefolds
In this section we recall the definition of a mirror quintic Calabi-Yau threefold and its
monodromy action coming from the Picard-Fuchs equations. We also list the monodromy
action of other 14 examples of Calabi-Yau threefolds. For a more detailed description,
the reader is referred to [5, 8, 15, 16].
The family of hypersurfaces in P4 given by a generic polynomial of degree 5 is denoted
P4[5]. The elements of P4[5] are quintic Calabi-Yau threefolds, with Hodge numbers
h1,1 = 1 and h2,1 = 101. Let {Xϕ}ϕ be the one-parameter family of hypersurfaces in P4
given by
pϕ = ϕz50 + z51 + z52 + z53 + z54 − 5z0z1z2z3z4, ϕ ≠ 0,1. (3.1)
Consider the finite group
G = {(ξ0, ξ1, ξ2, ξ3, ξ4) ∈ C5 ∣ ξ5i = 1 , ξ0ξ1ξ2ξ3ξ4 = 1}
acting on P4, as (ξ0, ξ1, ..., ξ4) ⋅ [z0 ∶ z1 ∶ ⋯ ∶ z4] = [ξ0z0 ∶ ⋯ ∶ ξ4z4]. It is known that the
action of G is free away from the curves Cijk ∶= {z5i + z5j + z5k = 0, zl = 0 for all l ≠ i, j, k}
for 0 ≤ i < j < k ≤ 4, see [13]. The mirror quintic Calabi-Yau threefold, mirror quintic for
short, is the variety X˜ϕ obtained after resolving the orbifolds singularities of the quotient
Xϕ/G. The manifold X˜ϕ, has Hodge numbers h1,1 = 101 and h2,1 = 1 and Betti number
b3 = 4. In terms of the mirror symmetry P4[5] is called the A-model and {X˜ϕ}ϕ the
B-model, see for example [9].
The variety X˜ϕ has a holomorphic 3 form η that vanishes nowhere. Moreover, H3,0 is
spanned by η. The periods of η are functions ∫∆ η, where the cycle δ = [∆] ∈ H3(X˜ϕ,Z)
is supported in the submanifold ∆. The fourth-order linear differential equation
(θ4 − ϕ(θ + 1
5
)(θ + 2
5
)(θ + 3
5
)(θ + 4
5
)) y = 0, θ = ϕ ∂
∂ϕ
is called Picard-Fuchs equations, and its solutions are the periods of η.
The Picard-Fuchs ODE has 3 regular singular points ϕ = 0,1,∞. The analytic continu-
ation of this ODE, gives us the monodromy operatorsM0,M1,M∞. Since the monodromy
is a representation ρ ∶ π1(P1 ∖ {0,1,∞}) → Sp(4), we have the relation M0M1M∞ = Id.
There exits a basis such that the monodromy operators in this basis are written as
M0 =
⎛⎜⎜⎜⎝
1 1 0 0
0 1 0 0
5 5 1 0
0 −5 −1 1
⎞⎟⎟⎟⎠
and M1 =
⎛⎜⎜⎜⎝
1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1
⎞⎟⎟⎟⎠
,
see for example [4, 6, 8].
The matrices M0 and M1 are conjugated to the matrices
T0 =
⎛⎜⎜⎜⎝
1 1 0 0
0 1 5 0
0 0 1 1
0 0 0 1
⎞⎟⎟⎟⎠
and T1 =
⎛⎜⎜⎜⎝
1 0 0 0
−5 1 0 0
−1 0 1 0
−1 0 0 1
⎞⎟⎟⎟⎠
6appearing in [6, 8], via the matrix P =
⎛⎜⎜⎜⎝
0 0 0 −1
0 5 1 0
1 1 0 0
0 1 0 0
⎞⎟⎟⎟⎠
. Thus P −1TiP =Mi, i = 0,1. In [5],
the matrices for the monodromy are
S∞ =
⎛⎜⎜⎜⎝
51 90 −25 0
0 1 0 0
100 175 −49 0
−75 −125 35 1
⎞⎟⎟⎟⎠
and S1 =
⎛⎜⎜⎜⎝
1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1
⎞⎟⎟⎟⎠
these matrices are associated to the equation
pψ = z50 + z51 + z52 + z53 + z54 − 5ψz0z1z2z3z4,
with singularities in ψ = 1,∞. The change of variable ψ = ϕ
−1
5 gives us the family defined
by the equation (3.1). Moreover, the matrix M5
0
is conjugated to S∞. In fact with the
matrix
M =
⎛⎜⎜⎜⎝
3 0 1 0
0 1 0 0
5 0 2 0
0 0 0 1
⎞⎟⎟⎟⎠
(3.2)
we obtain the equations M−1S1M =M1 and M−1S∞M =M50 .
More generally, it is known that the differential equation
(θ4 − ϕ(θ +A)(θ + 1 −A)(θ +B)(θ + 1 −B))y = 0, θ = ϕ ∂
∂ϕ
(3.3)
corresponds to the Picard-Fuchs equation of a mirror Calabi-Yau threefold for 14 values
of (A,B), and the singularities are in ϕ = 0,1,∞. We have listed the A-model of these 14
examples in Table 1.
(d, k) A B A-model of equation (3.3)
(5,5) 1/5 2/5 X(5) ⊂ P4
(2,4) 1/8 3/8 X(8) ⊂ P4(1,1,1,1,4)
(1,4) 1/12 5/12 X(2,12) ⊂ P5(1,1,1,1,4,6)
(16,8) 1/2 1/2 X(2,2,2,2) ⊂ P7
(12,7) 1/3 1/2 X(2,2,3) ⊂ P6
(8,6) 1/4 1/2 X(2,4) ⊂ P5
(4,5) 1/6 1/2 X(2,6) ⊂ P5(1,1,1,1,1, 3)
(2,3) 1/4 1/3 X(4,6) ⊂ P5(1,1,1,2,2, 3)
(1,2) 1/6 1/6 X(6,6) ⊂ P5(1,1,2,2,3, 3)
(6,5) 1/6 1/4 X(3,4) ⊂ P5(1,1,1,1,1, 2)
(3,4) 1/6 1/3 X(6) ⊂ P4(1,1,1,1,2)
(1,3) 1/10 3/10 X(5) ⊂ P4(1,1,1,2,5)
(4,4) 1/4 1/4 X(4,4) ⊂ P5(1,1,1,1,2, 2)
(9,6) 1/3 1/3 X(3,3) ⊂ P5
Table 1: Fourteen values for equation 3.3 with the corresponding Calabi-Yau threefold.
7The notation X(d1, d2, . . . , dl) ⊂ Pn(w1,w2, . . . ,wn) denotes a complete intersection
of l hypersurfaces of degrees d1, d2, . . . , dl in the weighted projective space with weight
(w1,w2, . . . ,wn), see for example [6]. For these cases the monodromy matrices correspond
to the same M1 as before and
M0 =
⎛⎜⎜⎜⎝
1 1 0 0
0 1 0 0
d d 1 0
0 −k −1 1
⎞⎟⎟⎟⎠
.
4 Lagrangian sphere and Lagrangian torus in mirror
quintic threefold
In the basis of homology used in [5] there are two homological cycles which are supported
on Lagrangian submanifolds. We observe that one cycle is realized by a Lagrangian 3-
sphere and the other by a Lagrangian 3-torus.
Consider the mirror quintic Calabi-Yau threefold X˜ψ associated to the equation
pψ = z50 + z51 + z52 + z53 + z54 − 5ψz0z1z2z3z4,
with singularities in ψ = 1,∞. Let η be the holomorphic form on X˜ψ. The basis of
the matrices S∞ and S0 are the periods ∫∆k η with k = 1,2,3,4. The cycle ∆2 is a torus
associated with the degeneration of the manifold as ψ goes to∞, see [5, §3]. In coordinates
it can be described as
∆2 = {[1 ∶ z1 ∶ z2 ∶ z3 ∶ z4] ∈ P4 ∣ ∣z1∣ = ∣z2∣ = ∣z3∣ = r and z4 given by equation pψ = 0 when ψ →∞}
(4.1)
for r > 0 small enough, and z4 is defined as the branch of the solution pψ(z) = 0 which
tends to zero as ψ → ∞. The cycle ∆2 does not intersect the curves Cijk, and so its
quotient by the group G is again a torus.
Proposition 4.1. The cycle ∆2 is a Lagrangian submanifold of (Xψ, ω), where ω is the
symplectic form given by the pullback of the Fubini-Study form.
Proof. Consider the Hamiltonian S1-space (C5 ∖ {0}, ωcan, S1, µ), where µ(z) = −∣∣z∣∣2+12 .
By Marsden-Weinstein-Meyer theorem, there exist a symplectic form in the reduction
µ−1(0)/S1 = P4, and in this case it corresponds to the Fubini-Study form ωFS, see for
example [12, §5] or [7, §23]. Furthermore if we denote the reduction by
µ−1(0) = S9 C5 ∖ {0},
P4
ı
π
pr
the reduced form satisfies π∗ωFS = ı∗ωcan. The canonical form can be written as ωcan =
1
2
∑j d∣zj ∣2 ∧ dθj. Therefore, for ǫ > 0 small enough, the set
T ∶= {(z0, z1, z2, z3, z4) ∈ C5 ∣ ∣z0∣ = ǫ , ∣z1∣ = ∣z2∣ = ∣z3∣ = r , ∣z4∣2 = 1 − ǫ2 − 3r2} ⊂ S9,
8is a Lagrangian submanifold of (C5, ωcan). Besides, ∆2 is the intersection of Xψ with the
projection of T to P4. Consequently, the tangent space of ∆2 is contained in the tangent
space of π(T ). Since 0 = (π∗ωFS)∣T = (ωFS)∣pi(T ), we conclude that (ωFS)∣∆2 = 0.
The cycle ∆4 is associated with the degeneration of the manifold when ψ goes to 1 [5,
§3]. In coordinates can be described as
∆4 = {[1 ∶ z1 ∶ z2 ∶ z3 ∶ z4] ∈ P4 ∣ z1, z2, z3 reals and z4 given by equation pψ = 0 when ψ → 1}
(4.2)
where z4 is defined as the branch of of the solution of pψ(z) = 0 which is an S3 when
ψ → 1. Follows from the next proposition that ∆4 is an Lagrangian sphere S3.
Proposition 4.2. The cycle ∆4 is a vanishing cycle.
Proof. In the chart z0 = 1 consider the function f ∶ C4 → C given by f(z1, . . . , z4) =
pψ(1, z1, . . . , z4). The critical points of f are (ξk1ψ, ξk2ψ, ξk3ψ, ξk4ψ) where ξ = e 2pii5 , ki =
1, . . . ,5 and 5∣∑4j=1 kj . These critical points are non degenerated. After doing the quotient
by the finite group G, these critical points are identified with (ψ, . . . , ψ) with critical value
1 − ψ5.
For real ψ > 1 close enough to 1 and by taking zj = xj + iyj we have that the map can
be locally defined as
f(z1, ..., z4) = (1 − ψ5) +∑x2j −∑y2j + 2i∏xjyj,
and so the vanishing cycle δγ in Proposition 2.3 is the sphere (ψ5 − 1) = ∑x2j .
Let δ2 and δ4 be the cycles associated with the torus ∆2 and the sphere ∆4, respectively.
From [5], we know that the monodromy around to 1 should satisfy S1δ2 = δ2+δ4, therefore
δ4 = [0 1 0 0]T . Also S∞δ2 = δ2, then δ2 = [0 0 0 1]T . Note that the vectors δ2 and δ4 are
invariants by the inverse of the matrix M (3.2).
5 Orbits for δ2 and δ4
In §3 we noted that the matrices S1 and S∞ can be conjugated to M1 and M50 . Also, the
vectors δ2 = (0 0 0 1)T and δ4 = (0 1 0 0)T are invariants by this change of basis. Let H
be the subgroup of Sp(4), generated by M5
0
and M1. In this section we compute the orbit
of δ2 and δ4 by the action of H in Zp, for some primes p.
For the mirror quintic X˜, any element in H3(X˜,Z) which is in the orbit H ⋅δ4 is a cycle
supported in a Lagrangian 3-sphere, and any element in the orbit H ⋅ δ2 is a Lagrangian
3-torus. So far we have not computed the orbits in Z. However, considering H3(X˜,Zp)
for some primes p, it is possible to compute the orbits. The next lemma helps us to reduce
the possible words appearing in H mod pZ.
Lemma 5.1. mod p(M5p20 ) = Id4, mod p(Mp1 ) = Id4
Proof. Computing the power of theses matrix, we have
Mm0 =
⎛⎜⎜⎜⎝
1 m 0 0
0 1 0 0
dm am 1 0
bm cm −m 1
⎞⎟⎟⎟⎠
and Mm1 =
⎛⎜⎜⎜⎝
1 0 0 0
0 1 0 m
0 0 1 0
0 0 0 1
⎞⎟⎟⎟⎠
9where am = d2m(m + 1) , bm = d2m(1 −m) and cm = d6m(1 −m2) − km. Thus, it is enough
to show that p∣a5p2 , p∣b5p2 and p∣c5p2. However, this is immediate because 2∣(5p2 + 1),
2∣(1 − 5p2) and 6∣p(1 − 25p4).
Let v be the vector δ2 (or δ4) and M¯0 ∶= M50 . The algorithm to compute the orbit
of v module p is as follows: compute first the vectors v
{j,l}
1
∶= mod p(M j1M¯ l0v) for j =
1, . . . , p and l = 1, . . . p2, and then compute the vectors v{j,l,m,n}
2
∶= mod p(Mm1 M¯n0 v{j,l}1 )
for j,m = 1, . . . , p and l, n = 1, . . . p2. If {v{j,l,m,n}
2
} ∖ {v{j,l}
1
} = ∅ then the set {v{j,l,m,n}
2
} is
the orbit of v; if not, continue with the previous step and compute the vectors v
{j,l...}
3
.
This process is finite because we have at most p4 different vectors in (Z/pZ)4.
Proof of theorem 1.1. Consider the free group H when d = k = 5. Given p, we denote the
orbit of δ2 and δ4 module p as orbp(δ2) and orbp(δ4), respectively. By using the previous
algorithm we have,
orb2(δ2) = {(0 0 0 1), (0 1 0 1), (0 1 1 0), (1 1 0 0), (1 1 1 0)}.
orb2(δ4) = {(0 0 1 0), (0 0 1 1), (0 1 0 0), (0 1 1 1), (1 0 0 0),
(1 0 0 1), (1 0 1 0), (1 0 1 1), (1 1 0 1), (1 1 1 1)}.
orb5(δ2) = {(0 0 0 1), (0 1 0 1), (0 2 0 1), (0 3 0 1), (0 4 0 1),
orb5(δ4) = {(0 1 0 0)}.
orbp(δ2) = orbp(δ4) = (Z/pZ)4 ∖ (0 0 0 0), for p = 3,7,11,13,17,19.
From the map H3(X˜,Z) modpÐÐ→ H3(X˜,Zp) we have that if δ ∈ H3(X˜,Z) is a primitive
cycle and it is in the orbit of δ2 (or δ4), then modp(δ) ∈ orbp(δ2) (or modp(δ4) ∈ orbp(δ4))
for all p. We think that the converse should be true; that is the Conjecture 1.2.
For the other examples of quintic threefolds appearing in Table 1, we have analogous
results. However, in this case we do not know if the vectors δ2 = (0 0 0 1) and δ4 =
(0 1 0 0) are really supported in a Lagrangian submanifold. In Table 2 we present the
orbits of the vectors δ2 and δ4 module p for the fourteen cases of (d, k). If the orbit is
(Z/pZ)4∖(0 0 0 0) we call it complete. The orbits for the vector δ2 are presented in Table
3 and the orbits for the vector δ4 are presented in Table 4.
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(d, k) Prime Orbit
(5,5) p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 2,3,7,11,13,17,19 Complete
(2,4) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(1,4) p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 2,3,7,11,13,17,19 Complete
(16,8) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(12,7) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 3 (0001), (0100), (0101), (0200), (0201), (1002), (1100), (1102),
(1200), (1202), (2001), (2002), (2101), (2102), (2201), (2202)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 7,11,13,17,19 Complete
(8,6) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(4,5) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(2,3) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(1,2) p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 2,3,7,11,13,17,19 Complete
(6,5) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 3 (0001), (0100), (0101), (0200), (0201), (1001), (1002), (1101),
(1102), (1201), (1202), (2002), (2100), (2102), (2200), (2202)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 7,11,13,17,19 Complete
(3,4) p = 3 (0001), (0100), (0101), (0200), (0201), (1002), (1100), (1102),
(1200), (1202), (2001), (2002), (2101), (2102), (2201), (2202)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 2,7,11,13,17,19 Complete
(1,3) p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 2,3,7,11,13,17,19 Complete
(4,4) p = 2 (0001), (0100), (0101), (1001), (1100), (1101)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(9,6) p = 3 (0001), (0100), (0101), (0201), (1001), (1100), (1101), (1201),
(2001), (2100), (2101), (2201)
p = 5 (0001), (0100), (0101), (0201), (0301), (0401)
p = 2,7,11,13,17,19 Complete
Table 2: Orbit of vectors δ2 and δ4 by the monodromy action for the fourteen mirror
Calabi-Yau threefolds.
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(d, k) Prime Orbit
(5,5) p = 2 (0001), (0101), (0110), (1100), (1110)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(2,4) p = 2 (0001), (0101), (1001), (1101)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(1,4) p = 2 (0001), (0101), (0110), (1000), (1001), (1010), (1011), (1101), (1111)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(16,8) p = 2 (0001), (0101), (1001), (1101)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(12,7) p = 2 (0001), (0101), (1100)
p = 3 (0001), (0101), (0201), (1100), (1200), (2002), (2102), (2202)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 7,11,13,17,19 Complete
(8,6) p = 2 (0001), (0101), (1001), (1101)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(4,5) p = 2 (0001), (0101), (1100)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(2,3) p = 2 (0001), (0101), (1100)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(1,2) p = 2 (0001), (0101), (0110), (1000), (1001), (1010), (1011), (1101), (1111)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(6,5) p = 2 (0001), (0101), (1100)
p = 3 (0001), (0101), (0201), (1002), (1102), (1202), (2100), (2200)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 7,11,13,17,19 Complete
(3,4) p = 2 (0001), (0101), (0110), (1000), (1001), (1010), (1011), (1101), (1111)
p = 3 (0001), (0101), (0201), (1100), (1200), (2002), (2102), (2202)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 7,11,13,17,19 Complete
(1,3) p = 2 (0001), (0101), (0110), (1100), (1110)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(4,4) p = 2 (0001), (0101), (1001), (1101)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 3,7,11,13,17,19 Complete
(9,6) p = 2 (0001), (0101), (0110), (1000), (1001), (1010), (1011), (1101), (1111)
p = 3 (0001), (0101), (0201), (1001), (1101), (1201), (2001), (2101), (2201)
p = 5 (0001), (0101), (0201), (0301), (0401)
p = 7,11,13,17,19 Complete
Table 3: Orbit of vector δ2 by the monodromy action for the fourteen mirror Calabi-Yau
threefolds.
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(d, k) Prime Orbit
(5,5) p = 2 (0010), (0011), (0100), (0111), (1000), (1001), (1010), (1011), (1101), (1111)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(2,4) p = 2 (0100), (1100)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(1,4) p = 2 (0010), (0011), (0100), (0111), (1100), (1110)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(16,8) p = 2 (0100), (1100)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(12,7) p = 2 (0100), (1001), (1101)
p = 3 (0100), (0200), (1002), (1102), (1202), (2001), (2101), (2201)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(8,6) p = 2 (0100), (1100)
p = 5 (0100)
p = 7,11,13,17,19 Complete
(4,5) p = 2 (0100), (1001), (1101)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(2,3) p = 2 (0100), (1001), (1101)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(1,2) p = 2 (0010), (0011), (0100), (0111), (1100), (1110)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(6,5) p = 2 (0100), (1001), (1101)
p = 3 (0100), (0200), (1001), (1101), (1201), (2002), (2102), (2202),
p = 5 (0100)
p = 7,11,13,17,19 Complete
(3,4) p = 2 (0010), (0011), (0100), (0111), (1100), (1110)
p = 3 (0100), (0200), (1002), (1102), (1202), (2001), (2101), (2201)
p = 5 (0100)
p = 7,11,13,17,19 Complete
(1,3) p = 2 (0010), (0011), (0100), (0111), (1000), (1001), (1010), (1011), (1101), (1111)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(4,4) p = 2 (0100), (1100)
p = 5 (0100)
p = 3,7,11,13,17,19 Complete
(9,6) p = 2 (0010), (0011), (0100), (0111), (1100), (1110)
p = 3 (0100), (1100), (2100)
p = 5 (0100)
p = 7,11,13,17,19 Complete
Table 4: Orbit of vector δ4 by the monodromy action for the fourteen mirror Calabi-Yau
threefolds.
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